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1) Use serie de potencias o de Frobenius, para resolver las siguientes
ecuaciones diferenciales

a) v+ zy=0 (Ecuacion de Airy)
Solucion:

o0
Sea y(z) = c, "
n=0
Luego
o0
y’(x) — Z ne, x“’_l

n=0
00

y'(z) =Y n(n—1)c,a"

n=0

Reemplazando en la ecuacion diferencial

vV'+zy=0= > nn—-1)c, 2" 2+z2) c,a"=0=

n=0 n=0
S _ n—2 S n+l __ S _ n—2 S n+l __
Snn—1)c, 2" *+ Y 2"t =0= Y nn—1)c, 2" *+ > "' =0=
n=0 n=0 n=2 n=0

o 0
2e0+ Sonn—1)c, 2" 2+ Y ¢, 2"l =0=

n=3 n=0

202 T Z (n + 3)(n -1+ 3) Cn+3 xn—2+3 + Z Cp, $n+1 =0=
no:oO N 0

2e0+ > (n+3)(n+2) oz + 3 " =0=
n=0 n=0

202 + Z [(n + 3) (n + 2) C’n,+3 + Cn] Zlfn+1 = O =

n=0

2c0 =0y (n+3)(n+2)cn+3+cn =0=

C’VI,
2=0Y 3=~ e =012
n=0=c3 = —26—%
n=1=c¢ = —%
n=2=c5= —4%:0
_ _ _ & _ Co
n=3=0C= —56= 3356



C

N

C1

n=4=c = —

67 = 3467
n:5:>c8:—7j’820
_ _ % _ _
n=06=c= 89 7 T 235689
_ _ 7 _ 1
n=7=cyo= 910 = ~ 3467910
7%:8@011:—10.811:0

[0.@]
Podemos continuar, pero ya podemos reempazar el y(z) = > ¢, 2"
n=0

y(z) = co + c17 + 22 + 37 + eyt + e5x® + cexl + e’ + gz +
cox? + crox'? 4+ et + ...

1 1 1 1
y(z) = co + 1w — co532° — 170" + o552’ + agggr T
.1 9 1 10

€©3535689% —C3agro10L T

y(z) = coy1(x) + c1y2(x), donde

6

—_1_ 1.3 1 _ 1 9 _
yi(x) =1— 532" + 53557 — 5356592 + o =

= (=" 3
1 +nz::1 53 G E) L
_ 1 .4 1 7T 1 10 _
vo(x) =2 — 372" + 37672 — 3670108 T =
o =" 3n+1
z ﬂ; ERINET T H

b) (z—3)y +2y =0

Solucidén:

Sea y(z) = > c,a"
n=0

Luego

oo
y(x) =3 ne,an!
n=0
Reemplazando en la ecuacion diferencial

(x=3)y+2y=0=(z-3)Y nc, 2" 1 +2> ¢, 2" =0 =
n=0 n=0

o0 0 o
Sne, " — S 3nc, 2" 4+ S 2¢, 2" =0 =
n=0 n=0 n=0

X0 [} o0
Sne,a— Y 3nc, 2"+ S 2¢, 2" =0 =
n=0 n=1 n=0

o0 o o
Sne,t— > 3n+ 1) e+ > 2¢,2" =0 =

n=0 n=0 n=0
Y nen—3(n+1)cpp1 +2¢]2" =0=
n=0

ne, —3nm+1) e +2¢, =0=c¢,(n+2)—3(n+1)cpt1 =0=



n+1
n—0:>c1—§00
nzlécz:%clz%%o 332c0
n:2:>C3:%02:%%c ;300
n:3:>C4:%032ii 35400

,...plk

3433
Ya se percibe el comportamiento de los coeficientes, por lo que
n+1
Cn = “35 Co, N = 0,1,2,....
La soluc10n de la ecuacion diferencial es

1 .
( ) = ¢ Z n;; n — GeoGebra o x2_2x+9 = ¢y (x_93)2 D

Qzy' —y +422y=0
Solucioén:

Seay(x)=> c,x
n=0
Luego

00
y'(z) = neyx
n=0

y'(z) =Y n(n—1)c,a"

n=0

Reemplazando en la ecuacion diferencial
vy —y +43y=0= S n(n—-1)c, 2" ' =Y ne, 2"+ de, 2" =0

S o
=200z + 6c322 + > n(n—1) a1 — 1 — 2c97 — 3zt — > ne, 2!
n=4 n=4

o
+ 3 de, "3 =0
n=0

:>3631172+Zn(’n—1) CTan_l—Cl chn " 1+Z4cn n+3_0
n= n=0

n=4 4
=322+ Y. (n+4)(n+3)cppa ™ —c1 = > (n+4) cppg ™
n=>0 n=0

o
+ 3 de, "3 =0
n=0

= 332+ > ([(n+4)(n+3) — (n+4)] chya +4c,) 23— =0

n=0
= 3322 + > ([(n+4)(n + 2)] eppa + 4ey) 23— =0
n=0
=c=0,c3=0,[(n+4)(n+2)]cpsa+4c, =0

_ Cn _
icn+4— (n+2)(n+4),n—0,1,2,
n=0=c = —%
n=1=c = —4%%:0



n=2=c= 32

RO

_ _ ey 2q

n_4:08__g‘8_24'6‘8

ne 5= —

. . deg 4202

n=6=cyg= T 810 ~ 46810

. o 4C7

n—7:>611——9,11—0

. _ des . 4o

n=8=cpy= — 12.12_ ~ 2.4.6-810-12
c

n=9=c3=—q17y3 =0

. _ deyg _ L

n=10=cu= -1 = — 1.6.810-12-14

Reemplazando en y(x) = i Cp ™
n=0

y(r) = €0 +cr? — %934 - %xﬁ + 2-442~c60-8 ® + 4-g~2§?10x10 - 2-4-64;%1.12
— 4-6-8-41%3314 +....=

eo(1— gyt + 2-111-26-8 7" — 2-4-6-§10-12 )+

ea(a? — ggad + 4~6£-182~10x10 - mx“ +)

y(x) = coyr(x) + coya(w)

yi(e) =1+ 2«4~--(4n_—12))(4n)x
n=1

(@) =1+2 4_.6..1.1(4(7:)(1427;-1-2) a2 = GeoGehrsen(a?) — o +1[ ]

dn _ GeoGebraCOS(wQ)

1

2) Aplique el método de Frobenius para la ecuacion de Bessel de orden 3

2y +ry +(@*—3)y=0

W =

para obtener su solucion general para = > 0,

cos(x) sen(x)

y(ZL')ZCO \/E +C1W

Solucion:

o0
Sea y(z) =) c, "
n=0

Luego
y,(l') — Z (n + 7,,) Ch 1.71:5—7'—1

n=0
00

y'(x)=> (n+r)(n+r—1)c, a2

n=0

Reemplazando en la ecuacion diferencial



1
oy +ry + @ -)y=0=
m+r)(n+r—1)c, 2"+ (n+7r)c, 2™+ > ¢, 2"

n=0 n=0 n=0
- 1 n+7'
Z ZC =0=
n=0
o
r(r—Deya" + (r+ Drez™ + 3 (n+r)(n+r—1)c, 2™ +
00 =2 00
TC()JJT + (7‘ + 1) C1l’r+1 + Z (7’1, + T) Cn xn—i—r + Z Cn xTL+7‘+2
n=2 n=0
_lcxr_lc 7”+1_Ool ntr —
10 10 >, g =0=

n=2
[r(r—1)+r— i]CofL’r-l- (r+1)r+r+1-— i]qx"’“
+Y (n+r)(n+r—1Dc, 2" +> (n+7r)c, 2"+ ¢, a2
n=2 n=2

n=0

31
= g =0=
n=2

[r(r—1)4+r— %]coxr—{— (r+1)r+r+1-— %]clx”l
+ Z (n +r+ 2)<n +r+ 1) Cnt2 xTL+T'+2 + Z (n +r+ 2) Cpoto :L.’IL-‘F’I‘-‘FQ

n=0 n=0
9] o0 1

+ Z Cn xn+r+2 _ Z ZC’IH-Q xn+r+2 =0=
n=0 n=0

[r(r = 1)+ — Hega + [(r+ )7+ +1— e amt!
+> ((n+r+2)(n+r+1)+(n+r+2)— ]Cr1+2+cn) 22 —
n=0

La ecuacion indicial se deduce de la relacion

[r(r—1)+r—4]clo—0:>c°7é0 (r—1)+r— =0=1r? —r—l—r—i:O:>
2 1 =13

7‘2——5
Por otro lado, observemos que si r = — 1 , entonces

(r+1)r+r+1-— ]01—0:>[r +7’+r—|— ]01:0:>

1 3_1 3
[r? +2r+4]cl—0:>017é0,pues(—2) +2(-5)+5=7-"1+7=
Luego, probemos con la raiz menor, es decir, r = —%

[(n+r+2)(n+r+1)+(n+r+2)— ]cn+2+cn—0:>

C7L

(n+r+2)(n+r+1)+(n+r+2)— T
C7L

Cp42 = —

Cno = —
2 (n+r+2)(n+r+2)—3
c’”r C7L C"L
Cpio = — ———— —F = Cpao = — = Cpao = — —= T
nt (n+r+2)2— " (n 2+2) I nt (n+3)2-1
_ Cn _ _ Cn
= Cpy2 = n2+3n+ I = Cpy2 = n2+3n—|—2 = Cpy2 = (1) (n+2)
n=0=c = f 5



n=1=c = — 59

23 .
_ R N 0
n=2=c = 364_1'2634
_ _ _ &6 _ o
n=3=c = %5— '3'4'50
_ & 0
n=4=c; = 56 = T 123456
_ _ & 1
n=5=C= —§7= T 331567
X0
Reemplazando en y(z) = > ¢, 2"
n=0
P = n J— = n —l P —; K n _ 1 il n
y(x) => cpa"z=> ¢y xTi = 72y cpx —ﬁch:ﬁ
n=0 n=0 n=0 n=0
Ahora
o0
eyt =
n=0
_ ﬂ 2 _1 0 4 5 [&0] 6
€+ I R P+ g 1 + 3 3 5%° — To34562° — 3asen Y T
_ 4
= co(1 - X 12‘” + 1234 1-2~3-4-5~6x +)+
R 5 _ _
€1 (5’7 237" + 53157 — 931EerT o) =
X (=1)"
co Z "ty (§n+)1)! 22" = ¢y cos(x) + ¢ sen(x)
n=0 n=0
Flnalmente
cos(:c) sen(x)
y(r) = Z c = + parax >0
\/_n ~ n L \/E \/E ’ D

3) Muestre que la ecuacion de Bessel de orden 1,
22y +xy + (22 -1)y=0

tiene exponentesr; =1y = —1len z=0.
Ademas, muestre que la serie de Frobenius correspondiente a r; = 1 es

7L 2n

00
T
1 252 n' '22"

Obs.: Ji(z) es la funcion de Bessel de primera clase y de orden 1.
Solucion:

Sea y(x) = ¢, a"*"
n=0
Luego

y(x) =3 (n+r)c,a™!
n=0

y'(2)=> (n+r)(n+r—1)c, a"" 2
n=0
Reemplazando en la ecuacion diferencial



x2y”+my +(@2P-1)y=0=
(n+r)(n+r—1)c, ””—i—Z(n—l—T)c x”*“l—Zc a2

n=0 n=0 n=0

o0
> "t =0=

n=0
r(r—1ecoz"+ (r+Drax™t +3 (n+r)n+r—1)c, 2" +

n=2
TC()JJT + (7,+ 1) C1l’7+1 + Z (TL+T) Ch T TL+7 + Z Cn xTL+7+2
n=2
_coxr_clxr—i-l _Z Cna;n+r:0:>
n=2

[r(r—=1)+r—1coa"+[(r+1)r+r+1—1]c; 2"

+Y (n+r)(n+r—1Dc, 2" +> (n+7r)c, 2"+ ¢, a2
n=2 n=2 n=0

o
> " =0=
n=2

[(r—l) r—1lepx” + [(r + )r—l—r+1—1]c1xr+1
+ Z (n4+r+2)(n+7r+1)cppa™ + Z (n 474 2) cppp a2

n=0 n=0
9] o0

+ Z Cn xn+r+2 _ Z Crt2 xn+r+2 =0=
n=0 n=0

[r(r = 1) +7=1ega” +[(r+ 1) r+r+1-1eyz™!
+3(((n+r+2)n+r+ 1)+ n+7+2) =1 chp +cy) "2 =0
n=0

La ecuacion indicial se deduce de la relacion
r(r—1)+r—1c=0=r(r—1)+r—-1=0=r"—r+r—1=0=
7“121

9 = —1

Notemos que para r = 1, se tiene que
(r+Dr+r+1-1ag=0=[’+r+7rjcc=0=[r?+2r]c; = 0=
(1+2)C1=0$301=0$01=0

Para r; = 1, se tiene
(n+14+2)(n+14+1)+(n+1+2)—1]cpi2+¢, =0=

r=1=

- _ Cn - _ %
2 = T )2+ (nr2) 2 T T ) (ntd)
n:0:>62:—2c—21
n:1:>03=—36—15=0

_ _ & _ €o
n=2=c = 4c'6_24c46
n=3=¢=—55=3557 =0

_ _ T a
n=4=c= 68 = T 314668
— — s __ _ C1 _—
n=>5=c = T = 3-5-5c-7~7-9—0
o _ 6 __ 0
n=0=c= ~ 370 = 214668810



00
Reemplazando en y(z) = 3 ¢, 2"*"
n=0

[0.¢] o0
y(x) =3 coa™ =2 3 cpa”

o
Z e =cy+ crx+ 02332 + 03x3 + 04334 + 05375 + cﬁxG + 07337 + ...

n=0

o .8 _
o — 542% + 31 46 ~ 5726682 + 75565688 10°

1 1 .
— Co(l 2:(2- 2)$ —I- 2:(2-2)-(2-2)-(2-3) xd — 2:(2:2)-(2-2)-(2:3)-(2:3)-(2-4) T
T2y (22) (23)- (23) enenEnt )=

1 1 1 6 c 8 _
a(l - 332" + 555t — o Eans?t T EanEsInEY

_ =D o
‘o Z nl(nt1)2z v "

Finalmente,

rL 27L rL 2n

0
)=z ¢ Z n| AT = ety L iz = ¢ (), con e =

n=0

s 1



